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Abstract
We find a simple exact solution of 6-dimensional braneworld which captures
some essential features of warped flux compactification, including a warped
geometry, compactification, a magnetic flux, and one or two 3-brane(s).
In this setup we analyze how the Hubble expansion rate on each brane
changes when the brane tension changes. It is shown that effective Newton’s
constant resulting from this analysis agrees with that inferred by simply
integrating extra dimensions out. Based on the result, a general formula for
effective Newton’s constant is conjectured and its application to cosmology
with type IIB warped string compactification is discussed.
1 Introduction
Warped flux compactification is one of essential parts of the construction of de Sitter
vacua in string theory by Kachru, Kallosh, Linde and Trivedi [1] 1. A warped throat
region [11] is smoothly attached to a Calabi-Yau manifold and all moduli except for
the volume modulus are stabilized by fluxes [12]. The volume modulus is thought to be
stabilized by non-perturbative effects such as D-instantons [13, 1]. Another important
ingredient of the construction is branes. Anti-D-branes are located at the bottom of
the throat region to uplift the stable AdS vacua to meta-stable de Sitter vacua. This
setup provides a number of possible applications to cosmology [14, 15, 16, 17, 18].
So far, there is no known explicit form of the global geometry including the throat
region, compactification, fluxes and the moduli stabilization. The lack of known
explicit form of the global geometry makes it difficult to analyze brane gravity in the
context of warped flux compactification in details from higher dimensional point of
view. Of course, even without the explicit global geometry, one could invoke that the
4-dimensional Einstein gravity should be recovered as a low energy effective theory
since all moduli are thought to be stabilized and made massive so that they can
be integrated out. Nonetheless, it is perhaps fair to say that we have not yet had
a complete understanding of how 4-dimensional Einstein gravity is recovered in the
warped flux compactification.
For example, suppose that a D-brane and an anti-D-brane annihilate somewhere
in the warped throat region but that they are not coincident with a brane on which
we are living. Following the idea of [19, 20], it is suggested that this process may drive
an inflation in our 4-dimensional universe [14] and could leave cosmic superstrings as
relics [17]. In this picture the inflaton and cosmic superstrings are not on our brane
but living somewhere in the extra dimensions. It does not seem completely clear
how they affect gravity on our brane. Indeed, a lot of questions would arise. “Does
the inflaton living outside our world really inflate our brane?” “Is there a deficit
angle on our brane due to the cosmic superstring wandering somewhere in the extra
dimensions?” “If there is a deficit angle, then where on our brane and how much?”
Partial answers to these questions would be obtained if we would completely integrate
out extra degrees of freedom due to the extra dimensions, provided that all moduli
are stabilized. On the other hand, in principle it should also be possible to answer
these questions by analyzing the higher dimensional theory directly. Evidently, it is
important to take both approaches complementarily and compare them towards our
1See [2, 3] for followup proposals. See also [4, 5], [6, 7, 8, 9] and [10] for other proposals of de
Sitter, transiently accelerating and inflationary universes.
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good understanding of brane gravity in the warped flux compactification.
Now let us heuristically remind ourselves how 4-dimensional Einstein gravity
is recovered in the Kaluza-Klein compactification and the Randall-Sundrum type
braneworlds.
In Kaluza-Klein compactification, zero modes and Kaluza-Klein (KK) modes are
decoupled in the linearized level because of the momentum conservation along extra
dimensions. This simple fact makes the recovery of the 4-dimensional theory mani-
fest since the standard model fields are supposed to consist of zero modes. Indeed, as
far as moduli associated with compactification are made massive by a stabilization
mechanism, they do not appear in the low energy physics and the Einstein theory is
recovered as a low energy effective theory. This consideration also applies to cosmol-
ogy as far as the energy scale is sufficiently lower than the compactification scale.
In the second Randall-Sundrum (RS2) braneworld with infinite extra dimen-
sion [21], the recovery of the 4-dimensional Einstein theory is due to localization
of zero mode [21, 22, 23, 24]. Matter on our brane possibly excites not only zero
modes but also KK modes since the momentum conservation does not prohibit cou-
plings between the singular brane source and the KK modes 2. However, the warped
geometry localizes the zero mode to the vicinity of the brane and the coupling of the
brane source to the zero mode is much stronger than that to KK modes. In this way,
gravity on our brane at low energy is almost locally determined by the zero mode
localized near the brane and the 4-dimensional Einstein theory is recovered at low en-
ergy. (This point of “locally localized gravity” has been made explicit in ref. [25].) For
FRW cosmology on the brane, there is no well-defined distinction between zero modes
and KK modes because of the lack of enough symmetry. Nonetheless, the evolution
of the brane is still determined locally since the unbroken symmetry, i.e. the homo-
geneity and the isotropy parallel to the brane, prevents waves from being generated
and propagating in the bulk. In this way, gravity is still localized and the standard
cosmological equation is recovered at low energy [26, 27, 28, 29, 30, 31, 34, 32, 33].
On the other hand, in the warped compactification the recovery of 4-dimensional
theory seems more indirect and subtle. Unlike KK compactification but as in RS2
braneworld, matter source on the brane can excite not only zero modes but also KK
modes. However, unlike the RS2 braneworld, gravity is not localized near the brane
since the warp factor on the brane in the throat region is not larger but smaller
than that in the bulk nearby. Hence, the evolution of matter on the brane changes
the bulk geometry not only near the brane but possibly everywhere in the whole
extra dimensions. Nonetheless, if all moduli are stabilized, the bulk geometry should
2Note that a delta function includes all momenta when it is Fourier transformed.
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quickly settle to a configuration which is determined by the boundary condition, i.e.
the brane source(s), values of conserved quantities and the regularity of the other
region of the extra dimensions. As a consequence of the change of the bulk geometry,
the induced geometry on the brane responses to the evolution of the matter source on
the brane. It is quite possible but must be checked that the 4-dimensional Einstein
theory is recovered as a rather indirect and subtle relation between the matter source
on the brane and the response of the induced geometry. In this paper we shall support
this picture in a simplified situation.
This picture is somehow similar to that in the first Randall-Sundrum (RS1) sce-
nario [35] with radion stabilization [36]. In the original RS1 brane model (without
radion stabilization) the 4-dimensional theory is not Einstein but Brans-Dicke the-
ory [22, 23] because of the existence of a massless modulus called radion. With the
radion stabilization, there is no extra massless degree which could appear in the 4-
dimensional effective theory and the 4-dimensional Einstein theory is recovered at
energies sufficiently below the stabilization scale. The recovery of the 4-dimensional
Einstein theory is understood both from the low energy effective theory point of view
and as a consequence of dynamics of bulk fields [37, 38, 39, 40, 41, 42, 43].
In the case of KK compactification and RS braneworlds, the recovery of the Ein-
stein theory has been explicitly investigated from higher dimensional point of view.
One of the reasons why this was possible is that there are explicit background solu-
tions (or at least explicit equations defining background solutions) around which we
can analyze perturbations. On the other hand, in the warped flux compactification,
the absence of an explicit global solution makes it less tractable to see the recovery of
the 4-dimensional Einstein gravity from higher dimensional point of view as explicitly
as in the KK compactification and the RS braneworlds.
Therefore, we would like to consider a simplified situation in which we can see the
recovery of the 4-dimensional Einstein theory in the warped flux compactification.
The purpose of this paper is, as a first step, to consider a toy model which captures
some essential features of the warped flux compactification and to see explicitly how
the induced geometry on a brane responses to brane tension as a consequence of
changes in the bulk geometry. In particular, we shall see that the relation between
the change of brane tension and the response of the induced geometry is identical to
that inferred from the 4-dimensional Einstein theory.
The rest of this paper is organized as follows. In Sec. 2 we describes a simple
model of 6-dimensional warped flux compactification with one or two 3-brane(s). In
Sec. 3 we argue that the 4-dimensional Friedmann equation should be recovered on
each brane at low energy and confirms the validity of a formula of effective Newton’s
3
constant in a simplified situation. Sec. 4 is devoted to a summary of this paper
and discussion. In particular, based on the result of this paper, a general formula
for effective Newton’s constant is conjectured and its application to cosmology with
type IIB warped string compactification is discussed. In Appendices A.1 and A.2 we
show that two seemingly singular limits of the solutions considered in this paper are
actually regular. In Appendix A.3 a higher-order correction to the effective Friedmann
equation on a brane is estimated and it is shown that higher order corrections can be
ignored when the Hubble expansion rate on the brane is sufficiently lower than the
bulk curvature scale.
2 Model description
In this paper we would like to consider a minimal setup which captures essential
features of the warped flux compactification and which is simple enough to analyze
brane gravity from higher dimensional viewpoint. The setup must include at least a
warped geometry, magnetic flux of an antisymmetric field along the extra dimensions
and a brane. Since the simplest antisymmetric field is a U(1) gauge field and the
corresponding magnetic flux has two spatial indices, we need to consider at least 2
extra dimensions and, thus, at least 6-dimensional spacetime. In this section we shall
describe a model of 6-dimensional braneworld with warped flux compactification. In
the next section we shall analyze this model in a situation where the tension of a
3-brane changes by a phase transition on the brane.
For the reason explained above, in this paper we consider a 6-dimensional braneworld
scenario with a U(1) gauge field and a cosmological constant in the bulk. The bulk
action is
I6 =
M46
2
∫
d6x
√−g
(
R− 2Λ6 − 1
2
FMNFMN
)
, (2.1)
where M6 is the 6-dimensional reduced Planck mass, Λ6 is the bulk cosmological
constant, and FMN = ∂MAN − ∂NAM is the field strength associated with the U(1)
gauge field AM .
2.1 Bulk solution
We assume that the 6-dimensional bulk geometry has the 4-dimensional de Sitter
symmetry and an additional axisymmetry. The former symmetry is to make the
induced geometry on our brane a de Sitter spacetime, and the latter is imposed as
a symmetry in the extra dimensions for simplicity. The general metric with these
4
symmetries is locally written as
ds26 = A(w)
2ds24 + dw
2 +R(w)2dφ2, (2.2)
where w is the proper distance along geodesics orthogonal to the brane world-volume
and to the orbit of the axisymmetry, A(w) and R(w) are functions of w only, and ds24
is the line element of the 4-dimensional de Sitter spacetime with the unit curvature
radius. For example, in the global chart ds24 is written as
ds24 = −dt2 + cosh2 tdΩ23, (2.3)
where dΩ23 is the line element of the unit 3-sphere.
If A(w) is constant then the solution to the Einstein equation is of the ADD
type [44]. This solution was already investigated in [45, 46, 47]. In Appendix A.1, we
shall see that this solution is a particular limit of the solutions below.
Our interest is in the case of non-vanishing ∂wA since this corresponds to a warped
geometry 3. (As already stated, we would like to consider a minimal setup which
includes at least a warped geometry, a flux and a brane.) In this case we can introduce
a new coordinate r by r = A(w) at least locally. With the new coordinate the line
element is
ds26 = r
2ds24 + g(r)dr
2 + f(r)dφ2, (2.4)
where f(r) and g(r) are functions of r only. It is of course possible and indeed
straightforward to analyze the Einstein equation and find solutions with this ansatz.
It is also possible to take double Wick rotation, find a family of solutions and then
take inverse double Wick rotation. By the double Wick rotation
t→ i
(
pi
2
− θ
)
, φ→ iT, (2.5)
the metric ansatz (2.4) is transformed to
ds˜26 = −f˜(r)dT 2 + g˜(r)dr2 + r2dΩ24, (2.6)
where
dΩ24 = dθ
2 + sin2 θdΩ23 (2.7)
is the line element of the unit 4-sphere. The metric (2.6) is nothing but a general
ansatz for a spherically symmetric, static metric. There is a well-known family of
3This setup was considered in [48, 49] but, as far as we know, the family of explicit exact solutions
of warped flux compactification presented below had not been found in the literature.
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solutions: RN-de Sitter (for Λ6 > 0), RN (for Λ6 = 0) and RN-AdS (for Λ6 < 0)
spacetime. The RN-de Sitter, RN or RN-AdS solution is
f˜(r) =
1
g˜(r)
= 1− Λ6
10
r2 − µ
r3
+
e2
12r6
,
AMdx
M =
e
3r3
dT, (2.8)
where µ is a constant of integration corresponding to the mass parameter and e is
the electric charge. Going back to the original ansatz by the inverse double Wick
rotation
pi
2
− θ → −it, T → −iφ, (2.9)
we obtain the family of solutions
f(r) =
1
g(r)
= 1− Λ6
10
r2 − µ
r3
− b
2
12r6
,
AMdx
M =
b
3r3
dφ, (2.10)
where we have introduced the magnetic charge b by e→ ib so that AMdxM remains
real.
2.2 Brane sources
In the following we shall consider one or two 3-brane sources. For this purpose we
shall use the well-known formula
δ± =
σ±
M46
, (2.11)
where δ± is the deficit angle due to the tension σ± of the branes. We, however, have to
keep in mind that there is no simple general prescription, analogous to Israel’s junction
condition [50], for obtaining physical characteristics of an arbitrary distributional
source with more than one codimensions [51, 52]. The difficulty is essentially due
to the fact that Einstein equation is non-linear. The formula (2.11) is valid under
the axisymmetry if radial stress is much smaller than energy density [53]. Namely,
with these conditions, σ± in (2.11) can be effectively considered as inertial mass per
brane’s volume. On the other hand, if radial stress is not negligible then the formula
(2.11) should be considered as the definition of σ±, which is in general different from
inertial mass per brane’s volume.
Hereafter we assume that the function f(r) given by (2.10) has two positive roots
r = r± (0 < r− < r+) and is positive between them (r− < r < r+). This requires that
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the 6-dimensional cosmological constant Λ6 be positive. Thus, hereafter we assume
that Λ6 > 0. Since f vanishes at r = r±, the equation r = r± defines surfaces of
codimension 2.
Near r = r± in the bulk (r− < r < r+),
dr2
f(r)
+ f(r)dφ2 ≃ dρ2
±
+ κ2
±
ρ2
±
dφ2, (2.12)
where
ρ± ≡
√√√√∓2(r − r±)
κ±
, κ± ≡ ∓1
2
f ′(r±) (> 0). (2.13)
Hence, with the deficit angles δ± at r = r±, respectively, φ is identified as
κ±φ ∼ κ±φ+ (2pi − δ±). (2.14)
The identification at r = r+ is consistent with that at r = r− if and only if
2pi − δ+
2pi − δ− =
κ+
κ−
. (2.15)
This can be considered as a boundary condition since the l.h.s. is specified by the
brane sources and the r.h.s. can be written in terms of the bulk parameters µ and b.
In this way, we can put 3-branes at r = r± and consider the region r− < r < r+
as the bulk spacetime. It is also possible to consider a solution with only one 3-brane
at either r = r+ or r = r− by setting δ− = 0 or δ+ = 0. The Hubble parameter H±
on the brane at r = r± is given by
H± =
1
r±
. (2.16)
3 Recovery of the Friedmann equation
Let us consider a (4 + n)-dimensional, general warped compactification
ds24+n = r
2g(4)µν dx
µdxν + γijdy
idyj, (3.1)
where the 4-dimensional metric g(4)µν depends on the 4-dimensional coordinates x
µ only,
and the n-dimensional metric γij and the warp factor r depend only on the coordinates
yi of the compact extra dimensions. With this warped metric, the (4+n)-dimensional
Einstein-Hilbert action includes the 4-dimensional Einstein term:
(M4+n)
2+n
∫
d4xdny
√
−g(4+n)R(4+n) = (M4+n)2+n
∫
dny
√
γ r2×
∫
d4x
√
−g(4)R(4)+· · · ,
(3.2)
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where dots represent terms including derivatives of r, the curvature of γij and so on.
Therefore, if all moduli associated with the extra dimensions are stabilized and if
their masses are large enough then we expect that the 4-dimensional Einstein theory
is recovered at low energy and that Newton’s constant GN on a brane at y
i = yi0
should be given by
1
8piGN
= (M4+n)
2+n
∫
dny
√
γ
[
r(y)
r(y0)
]2
, (3.3)
where the normalization factor [r(y0)]
−2 has been included in order to take into
account the fact that the induced metric on the brane is not g(4)µν dx
µdxν |y=y0 but
r2g(4)µν dx
µdxν |y=y0.
This expectation is known to be correct for codimension 1 (n = 1) braneworlds
with radion stabilization [37, 38, 39, 40, 41, 42, 43] 4.
We expect that the formula (3.3) should be correct also for codimension 2 or
higher (n ≥ 2) braneworlds if all moduli are stabilized. In this paper, for simplicity,
we consider the 6-dimensional braneworld described in the previous section and a
situation where the tension of one of the 3-branes at r = r± changes by a phase
transition on the brane. We suppose that the tension is almost constant in deep
inside the old and new phases. With this setup, it is expected that the 4-dimensional
geometries on the brane deep inside the two phases are approximated by de Sitter
spacetimes with different Hubble expansion rates. What we should see is the relation
between the difference of tension in the two phases and the corresponding change
of the Hubble expansion rate. Indeed, we shall see below that at low energy, the
relation is identical to that inferred from the standard Friedmann equation, provided
that 4-dimensional Newton’s constant is given by the formula (3.3). We shall also see
what “low energy” exactly means.
By the phase transition, the bulk geometry should change since the boundary
condition set by the brane tension changes. In particular, the bulk parameters µ and
b after the phase transition will in general be different from what they were before.
Actually, by the following reason, the values of µ and b after the phase transition
should be uniquely determined by the brane tension. Indeed, the boundary condition
(2.15) and the conservation of magnetic flux provide two independent conditions on
the two independent parameters µ and b and, thus, uniquely fix the parameters at
least for a sufficiently small change.
When one of the brane tensions changes, the deficit angle at the position of the
4With the Z2 symmetry, the integration over the bulk must be multiplied by 2 to take into
account the fact that there are two copies of the same bulk geometry.
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brane changes, according to the formula (2.11). This in general induces the change of
the area of the extra dimensions, in particular the interval of φ. Since the magnetic
flux is nothing but the integral of the magnetic field over the extra dimensions, the
change of the area and the flux conservation imply that the amplitude b of magnetic
field should change. At the same time, the parameters µ and b must satisfy the
boundary condition (2.15) with the new deficit angle corresponding to the tension
after the phase transition. Therefore, not only b but also µ should change in general.
In this way, the values of b and µ after the phase transition are uniquely determined
by the flux conservation and the boundary condition.
Accordingly, positions r± of branes are also determined uniquely since they are
defined as roots of the function f(r) in (2.10). In other words, the Hubble expansion
rate H± = 1/r± changes after the phase transition and there is a unique relation
between the change of the brane tension and the change of the Hubble expansion
rate. Since all relevant equations are invariant under the reflection H± → −H±, the
resulting physical relation must also be invariant under this reflection. Therefore, the
relation must be even in H± and its Taylor expansion w.r.t. ∆σ± (or equivalently,
w.r.t. ∆H2
±
) should start as
∆H2
±
∝ ∆σ± +O((∆σ±)2), (3.4)
where ∆X represents a small difference of the quantity X before and after the phase
transition. Finally, from this relation we obtain
H2
±
∝ (σ± − σ(0)± ) +O((σ± − σ(0)± )2) (3.5)
for smallH2
±
, where σ
(0)
± is the value of σ± corresponding to H
2
±
= 0. In this argument,
it has been implicitly assumed that the limit H2
±
→ 0 is regular. In Appendix A.2 we
explicitly confirm that this limit is indeed regular.
The relation (3.5) is nothing but the standard Friedmann equation if the propor-
tionality coefficient is 8piGN/3, where GN is Newton’s constant. In the following,
we shall see both numerically and analytically that this is indeed the case, where
Newton’s constant is given by the formula (3.3). To be more specific, we shall show
that Newton’s constant GN± on the brane at r = r±, respectively, is given by
1
8piGN±
=M46
∫ r+
r
−
(
r2
r2±
)
dr
∫ ∆φ
0
dφ =M46L
2Σ ·
(
r−
r+
)±1
, (3.6)
where L ≡
√
10/Λ6,
Σ ≡ 1
L2
∫ r+
r
−
r2
r+r−
dr
∫ ∆φ
0
dφ =
∆φ
3L2r+r−
(r3+ − r3−) (3.7)
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is the warped volume of the extra dimensions (in the unit of L2), and
∆φ =
2pi − δ+
κ+
=
2pi − δ−
κ−
(3.8)
is the period of the angular coordinate φ.
For later convenience, here we define the magnetic flux Φ in the unit of L as
Φ =
1
L
∫ r+
r
−
dr
∫ ∆φ
0
dφFrφ = −b∆φ
3L
(
1
r3−
− 1
r3+
)
. (3.9)
All relevant equations including this are invariant under the reflection (b,Φ) →
(−b,−Φ). Thus, we do not need to keep track of the sign of Φ as far as its sign
relative to b is correct. As already stated, the magnetic flux is conserved and, thus,
must be fixed during the phase transition.
3.1 Re-parameterization
As already explained, we expect that the Friedmann equation should be recovered at
low energy as a consequence of the response of the bulk geometry to the evolution
of the brane source. In this respect it is not physically relevant to keep track of the
change of the bulk parameters µ and b. What is physically important is, instead, the
brane tensions (or equivalently the deficit angles) and the Hubble expansion rates on
the branes (or equivalently the positions r± of the branes).
Hence, it is useful to express the metric in terms of h ≡ L√H+H− = L/√r+r− and
α ≡ H+/H− = r−/r+ instead of the original parameters µ and b. By the definition
of r±, the new parameter α satisfies 0 < α ≤ 1. (In Appendix A.1, the α → 1 limit
is shown to be regular.) By solving f(r±) = 0 w.r.t. µ and b
2, we obtain
h5µ
L3
= −β7/2
β1
+ (α3/2 + α−3/2)h2,
h8b2
L6
=
12β2
β1
− 12h2, (3.10)
where βn ≡ ∑2ni=0 αi−n. With this parametrization, (2.15) and (3.9) become
2pi − δ+
2pi − δ− =
γ+ − 3β21h2
γ− − 3β21h2
α4 (3.11)
and
Φ2
(2pi − δ+)(2pi − δ−) =
16
3
(β2 − β1h2)β31
(γ+ − 3β21h2)(γ− − 3β21h2)
, (3.12)
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respectively, where
γ+ = 3α
3 + 6α2 + 9α+ 12 + 15α−1 + 10α−2 + 5α−3,
γ− = 5α
3 + 10α2 + 15α + 12 + 9α−1 + 6α−2 + 3α−3. (3.13)
By using ∆φ > 0, 0 < α ≤ 1 and b2 ≥ 0, it is shown that
0 <
2pi − δ+
2pi − δ− ≤ 1, (3.14)
where the equality holds for α = 1. The inequality (3.14) combined with the formula
(2.11) implies that the tension of the brane at r = r− must be smaller than the tension
of the brane at r = r+. If this condition is not satisfied then it is expected that the
cosmological constant on the brane cannot be non-negative or/and the geometry of
the extra dimensions becomes dynamical. The warped volume Σ of extra dimensions
defined in (3.7) is given by
Σ√
(2pi − δ+)(2pi − δ−)
=
2β21
3
√
(γ+ − 3β21h2)(γ− − 3β21h2)
. (3.15)
3.2 Brane gravity on the IR brane
We now would like to see that the relation of the form (3.5) indeed holds at low
energy on each brane. Since the warp factor r is smaller on the brane at r = r−, we
may call this brane an IR brane and the other brane at r = r+ a UV brane. In this
and the next subsections, we shall show the relation (3.5) on the IR and UV branes,
respectively, by using numerical plots and determine the proportionality coefficient.
In subsection 3.4 we show the same results analytically by low energy expansion.
Let us first consider the case where the phase transition takes place on the brane
at r = r−. In this case the deficit angle δ+ around the other brane at r = r+ and the
flux Φ must be fixed. It is convenient to define the following dimensionless quantities:
η− ≡ 2pi − δ−
2pi − δ+ ,
h− ≡ L2H− = hα−1/2,
Φ+ ≡ |Φ|
2pi − δ+ =
[
Φ2
(2pi − δ+)(2pi − δ−)
]1/2
η
1/2
−
g− ≡ 8piGN−
3
M46L
2(2pi − δ+) = 1
3

 Σ√
(2pi − δ+)(2pi − δ−)


−1
η
−1/2
− α, (3.16)
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where GN− is defined by (3.6). The formulas (3.11), (3.12) and (3.15) give expressions
of η−, Φ
2
+ and g− in terms of h
2
−
and α. The inequality (3.14) is written as η− ≥ 1,
where the equality holds for α = 1.
The quantities α, h−, η−, Φ+ and g− have the following physical meaning. The
first quantity α ≡ r−/r+ (0 < α ≤ 1) is the ratio of the warp factor so that a small
(or large) value of α corresponds to a large (or small, respectively) hierarchy. The
second quantity h− is the Hubble expansion rate on the brane at r = r− in the unit
of the bulk curvature scale L−1. Note that in this subsection, the phase transition
is supposed to take place on this brane. Since the deficit angle δ+ around the other
brane at r = r+ is determined by the tension of the other brane at r = r+ (see
the formula (2.11)) and has nothing to do with the phase transition on the brane at
r = r−, 2pi− δ+ is constant during the phase transition. Hence, the change of tension
of the brane at r = r− is proportional to the change of the third quantity η−. The
proportionality coefficient depends on 2pi − δ+ but it does not change by the phase
transition. Similarly, specifying the magnetic flux up to its signature is equivalent
to specifying the forth quantity Φ+. As already stated, all relevant equations are
invariant under reflection of the sign of the flux and, thus, we do not need to keep
track of the sign. The normalization of Φ+ has been determined so that it does not
change during the phase transition and that it absorbs the factor (2pi − δ+)−2 in the
eq. (3.12) divided by (3.11). The final quantity g− is proportional to the quantity
GN− which is defined by (3.6) and which shall be identified as effective Newton’s
constant on the brane at r = r−. The normalization of g− has been determined so
that g− is dimensionless and that it eliminates explicit dependence on (2pi− δ+) from
eq. (3.19) below.
When the Hubble expansion rate on the brane vanishes, i.e. when h2 = 0, the
equations are simplified. Hereafter, a superscript (0) shows that the corresponding
quantity is evaluated at h2 = 0. In particular, it is easy to see that
1
5
≤ Φ(0)2+ <∞,
10
3
≥ g(0)− > 0, (3.17)
where each quantity (with h = 0) is a monotonic function of α and the left and right
values are values at α = 1 and α = 0, respectively.
Our aim in this paper is to show that, when a phase transition takes place on
a brane, the Hubble expansion rate changes according to the standard Friedmann
equation with Newton’s constant given by the formula (3.6). In the present context
where the phase transition takes place on the brane at r = r−, we would like to see
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Figure 1: Each line represents the relation between h2
−
(vertical axis) and η− (hori-
zontal axis) for a fixed value of Φ2+ (= 0.3, 0.4, 0.5, 0.6, 0.7 from left to right). Note
that the value of η− is restricted to the region η− ≥ 1 as shown in (3.14). The domain
shown in this figure can be joined to the domain shown in Fig. 3 by identifying the
vertical line η− = 1 in this figure to the vertical line η+ = 1 in Fig. 3.
a relation between h2
−
and η− with Φ
2
+ fixed. Actually, by using equations (3.11) and
(3.12), it is fairly easy to plot the curve (η−, h
2
−
) for various fixed values of Φ2+. See
Fig. 1. It is seen that the slope of each curve in Fig. 1 is negative near the horizontal
axis, i.e. for small h2
−
. In other words, at low energy the Hubble expansion rate h−
indeed decreases as the brane tension σ− and the deficit angle δ− decrease (see the
formula (2.11)) by a phase transition, and Newton’s constant on the brane is positive.
The intersection of each curve with the horizontal axis defines the value η
(0)
− (Φ
2
+) of
η− corresponding to h
2
−
= 0. Thus,
σ
(0)
− (Φ
2
+) ≡
[
2pi − (2pi − δ+)η(0)− (Φ2+)
]
·M4 (3.18)
is the critical value of tension σ− for which the effective cosmological constant on the
brane vanishes. If σ− > σ
(0)
− (Φ
2
+) (or σ− < σ
(0)
− (Φ
2
+)) then the effective cosmological
constant on the brane is positive (or negative, respectively).
The positivity of low energy effective Newton’s constant is highlighted in Fig. 2,
where the vertical axis is again h2
−
but the horizontal axis is now η
(0)
− (Φ
2
+) − η−.
The positive slope of the curve near the origin clearly defines low energy effective
13
Newton’s constant since it determines how much the Hubble expansion rate changes
as the brane tension changes. The dot lines in Fig. 2 are straight lines passing through
the origin with the slope g
(0)
− (Φ
2
+), where g
(0)
− (Φ
2
+) is the value of g− with h
2
−
= 0 for
a given value of Φ2+. It is easily seen that the solid lines and the dot lines in Fig. 2
come in contact with each other at the origin. This fact implies that
h2
−
= g
(0)
− · (η(0)− − η−) +O((η(0)− − η−)2). (3.19)
By definition of g− and the formula (2.11), this is equivalent to
H2
−
=
8piGN−
3
(σ− − σ(0)− ) +O((σ− − σ(0)− )2), (3.20)
which confirms that GN− defined in (3.6) indeed has the meaning of 4-dimensional
Newton’s constant on the brane at r = r−. The straight dot lines in Fig. 2 are good
approximation to the solid lines in the regime where h2
−
is sufficiently smaller than
1. This suggests that the Friedmann equation should be recovered at low energy
where the Hubble expansion rate squared H2
−
on the brane is sufficiently smaller than
the bulk cosmological constant Λ6 (= 10L
−2). In subsection 3.4, we shall show the
relation (3.20) analytically.
3.3 Brane gravity on the UV brane
Next let us consider the case where a phase transition takes place on the UV brane
at r = r+. In this subsection, we shall show the relation (3.5) on the UV brane
by using numerical plots and determine the proportionality coefficient. In the next
subsection 3.4 we show the same results analytically by low energy expansion.
In the present case where a phase transition takes place on the brane at r = r+, the
deficit angle δ− around the brane at r = r− and the flux Φ must be fixed. Similarly
to the previous case, it is convenient to define the following dimensionless quantities:
η+ ≡ 2pi − δ+
2pi − δ− ,
h+ ≡ LH− = hα1/2,
Φ− ≡ |Φ|
2pi − δ− =
[
Φ2
(2pi − δ+)(2pi − δ−)
]1/2
η
1/2
+
g+ ≡ 8piGN+
3
M46L
2(2pi − δ−) = 1
3

 Σ√
(2pi − δ+)(2pi − δ−)


−1
η
−1/2
+ α
−1,(3.21)
where GN+ is defined by (3.6). The formulas (3.11), (3.12) and (3.15) give expressions
of η+, Φ
2
−
and g+ in terms of h
2
+ and α. The inequality (3.14) is written as 0 < η+ ≤ 1,
where the equality holds for α = 1.
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Figure 2: Solid lines are curves shown in Fig. 1 in a different coordinate. The vertical
axis is again h2
−
but the horizontal axis is now η
(0)
− (Φ
2
+) − η−, where η(0)− (Φ2+) is the
value of η− corresponding to h
2
−
= 0 for a given value of Φ2+. The value of Φ
2
+ for
each curve is 0.3, 0.4, 0.5, 0.6, 0.7 from left to right. Dot lines represent straight
lines passing through the origin with the slope g
(0)
− (Φ
2
+) for each value of Φ
2
+. These
graphs confirm that GN− defined by (3.6) indeed has the meaning of 4-dimensional
Newton’s constant on the brane at r = r−.
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The quantities h+, η+, Φ− and g+ have the physical meaning similar to h−, η−, Φ+
and g−, whose physical meaning has already been explained in the third paragraph
of the previous subsection.
When the Hubble expansion rate on the brane vanishes, i.e. when h2 = 0, the
equations are simplified. As before, a superscript (0) shows that the corresponding
quantity is evaluated at h2 = 0. In particular, it is easy to see that
0 < Φ
(0)2
− ≤
1
5
,
∞ > g(0)+ ≥
10
3
(3.22)
where each quantities (with h = 0) is a monotonic function of α and the left and right
values are values at α = 0 and α = 1, respectively.
As already stated many times, our aim in this paper is to show that, when a phase
transition takes place on a brane, the Hubble expansion rate changes according to the
standard Friedmann equation with Newton’s constant given by the formula (3.6). In
this subsection we are considering a situation where the phase transition takes place
on the brane at r = r+. Thus, we would like to see a relation between h
2
+ and η+
with Φ2
−
fixed. Actually, by using equations (3.11) and (3.12), it is fairly easy to plot
the curve (η+, h
2
+) for various fixed values of Φ
2
−
. See Fig. 3. It is seen that the
slope of each curve in Fig. 3 is negative near the horizontal axis, i.e. for small h2+.
In other words, at low energy the Hubble expansion rate h+ indeed decreases as the
brane tension σ+ and the deficit angle δ+ decrease (see the formula (2.11)) by a phase
transition, and Newton’s constant on the brane is positive.
At first sight, this appears to contradict with the negativity of the slope of the
curves in Fig. 1 near h2
−
= 0: Fig. 3 indicates that η+ decreases when h
2 increases
from zero but Fig. 1 indicates that η− = 1/η+ also decreases when h
2 increases from
zero. Actually, there is no contradiction. Along each curve in Fig. 1, what is fixed
is not Φ2
−
but Φ2+. If h
2 is increased from zero with Φ2
−
fixed then Fig. 3 says that
Φ2+ = Φ
2
−
/η2+ should increase. In Fig. 1 this means that we have to move from a curve
with the initial Φ2+ to different curves with larger Φ
2
+. Hence, if the value of η− were
the same then this would inevitably increase the value of h2 from zero. Actually, since
η− is the reciprocal of η+, Fig. 3 says that η− should also increase. Therefore, when
h2 is increased from zero, there are two competitive effects which Fig. 3 implies: (i)
the increase of Φ2+; (ii) the increase of η−. The effect (i) tends to increase h
2 from
zero but the effect (ii) tends to decrease h2. The result of the competition is that the
effect (i) wins. Hence, the negativity of the slopes of the curves both in Fig. 1 and
Fig. 3 near the horizontal axis is consistent with each other.
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Figure 3: Each line represents the relation between h2+ (vertical axis) and η+ (hori-
zontal axis) for a fixed value of Φ2
−
(= 0.02, 0.08, 0.14, 0.2 from left to right). Note
that the value of η+ is restricted to the region 0 < η+ ≤ 1 as shown in (3.14). For a
relation between curves in this figure and Fig. 1, see the third-to-the-last paragraph
in subsection 3.3. The domain shown in this figure can be joined to the domain shown
in Fig. 1 by identifying the vertical line η+ = 1 in this figure to the vertical line η− = 1
in Fig. 1.
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Figure 4: Solid lines are curves shown in Fig. 3 in a different coordinate. The vertical
axis is again h2+ but the horizontal axis is now η
(0)
+ (Φ
2
−
) − η+, where η(0)+ (Φ2−) is the
value of η+ corresponding to h
2
+ = 0 for a given value of Φ
2
−
. The value of Φ2
−
for
each curve is 0.02, 0.08, 0.14, 0.2 from left to right. Dot lines represent straight lines
passing through the origin with the slope g
(0)
+ (Φ
2
−
) for each value of Φ2
−
. These graphs
confirm that GN+ defined by (3.6) indeed has the meaning of 4-dimensional Newton’s
constant on the brane at r = r+.
The intersection of each curve in Fig. 3 with the horizontal axis defines the value
η
(0)
+ (Φ
2
−
) of η+ corresponding to h
2
+ = 0. Thus,
σ
(0)
+ (Φ
2
−
) ≡
[
2pi − (2pi − δ−)η(0)+ (Φ2−)
]
·M4 (3.23)
is the critical value of tension σ+ for which the effective cosmological constant on the
brane vanishes. If σ+ > σ
(0)
+ (Φ
2
−
) (or σ+ < σ
(0)
+ (Φ
2
−
)) then the effective cosmological
constant on the brane is positive (or negative, respectively).
The positivity of low energy effective Newton’s constant is highlighted in Fig. 4,
where the vertical axis is again h2+ but the horizontal axis is now η
(0)
+ (Φ
2
−
) − η+.
The positive slope of the curve near the origin clearly defines low energy effective
Newton’s constant since it determines how much the Hubble expansion rate changes
as the brane tension changes. The dot lines in Fig. 4 are straight lines passing through
the origin with the slope g
(0)
+ (Φ
2
−
), where g
(0)
+ (Φ
2
−
) is the value of g+ with h
2
+ = 0 for
a given value of Φ2
−
. It is easily seen that the solid lines and the dot lines in Fig. 4
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come in contact with each other at the origin. This fact implies that
h2+ = g
(0)
+ · (η(0)+ − η+) +O((η(0)+ − η+)2). (3.24)
By definition of g+ and the formula (2.11), this is equivalent to
H2+ =
8piGN+
3
(σ+ − σ(0)+ ) +O((σ+ − σ(0)+ )2), (3.25)
which confirms that GN+ defined in (3.6) indeed has the meaning of 4-dimensional
Newton’s constant on the brane at r = r+. The straight dot lines in Fig. 4 are good
approximation to the solid lines in the regime where h2+ is sufficiently smaller than 1.
This suggests that the Friedmann equation should be recovered at low energy where
the Hubble expansion rate squared H2+ on the brane is sufficiently smaller than the
bulk cosmological constant Λ6 (= 10L
−2). In the next subsection 3.4, we shall show
the relation (3.25) analytically.
3.4 Low energy expansion
In this subsection we show the low-energy relations (3.20) and (3.25) analytically,
where Newton’s constant GN± is given by (3.6). For this purpose we shall perform
perturbative expansion of relevant quantities and equations w.r.t. h2 (= h+h−) and
show that (3.19) and (3.24) indeed hold in the lowest order in the perturbative ex-
pansion.
Let us first consider the case considered in subsection 3.2, where the phase tran-
sition takes place on the brane at r = r−. In this case we expand α and η− as
α =
∞∑
n=0
α
(n)
− (Φ
2
+)h
2n, η− =
∞∑
n=0
η
(n)
− (Φ
2
+)h
2n. (3.26)
Since Φ+ is fixed during the phase transition, we formally consider Φ+ as a quantity
of order O(h0). It is straightforward to expand (3.12) and (3.11) w.r.t. h2. In the
order O(h0), we obtain
Φ2+ =
16β
(0)
2 β
(0)3
1
3γ
(0)2
+ α
(0)4
−
,
η
(0)
− =
γ
(0)
−
γ
(0)
+ α
(0)4
−
, (3.27)
where β(0)n and γ
(0)
± are βn and γ±, respectively, with α replaced by α
(0)
− . On the other
hand, the zeroth order part of eq. (3.15) gives the value g
(0)
− (Φ
2
+) of g− with h
2
−
= 0
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for a given value of Φ2+ as
g
(0)
− =
γ
(0)
+ α
(0)3
−
2β
(0)2
1
. (3.28)
In the order O(h2), eq. (3.12) divided by (3.11) gives an expression of α
(1)
− in terms
of α
(0)
− as
α
(1)
−
α
(0)
−
=
β
(0)2
1 A
(0)
−
B
(0)
−
, (3.29)
where
A
(0)
− = 3α
(0)3
− + 6α
(0)2
− + 9α
(0)
− + 6 + 3α
(0)−1
− + 2α
(0)−2
− + α
(0)−3
− ,
B
(0)
− = 15α
(0)6
− + 60α
(0)5
− + 150α
(0)4
− + 258α
(0)3
− + 357α
(0)2
− + 430α
(0)
− + 460
+430α
(0)−1
− + 357α
(0)−2
− + 258α
(0)−3
− + 150α
(0)−4
− + 60α
(0)−5
− + 15α
(0)−6
− .
(3.30)
Here, as already explained, Φ+ was considered as a quantity of order O(h
0) in the
derivation of the above expression of α
(0)
− . On the other hand, the reciprocal of
eq. (3.11) in the order O(h2) gives
η
(1)
− = −
2β
(0)2
1
γ
(0)
+ α
(0)4
−
= − 1
g
(0)
− α
(0)
−
. (3.31)
Now, the definition of η
(0,1)
−
η− = η
(0)
− + η
(1)
− h
2 +O(h4) (3.32)
is solved w.r.t. h2 as
h2 =
η− − η(0)−
η
(1)
−
+O(h4), (3.33)
or equivalently
h2
−
=
h2
α
= g
(0)
− ·
(
η
(0)
− − η−
)
+O(h4
−
). (3.34)
This proves (3.19). By the definition of g− and the formula (2.11), this is equivalent
to (3.20).
It is easy to perform a similar analysis for the other case considered in subsec-
tion 3.3, where the phase transition takes place on the brane at r = r+, and to derive
(3.19) and (3.25) analytically. In this case we expand α and η+ as
α =
∞∑
n=0
α
(n)
+ (Φ
2
−
)h2n, η+ =
∞∑
n=0
η
(n)
+ (Φ
2
−
)h2n. (3.35)
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Since Φ− is fixed during the phase transition, we formally consider Φ− as a quantity
of order O(h0). It is straightforward to expand (3.12) and (3.11) w.r.t. h2. In the
order O(h0), we obtain
Φ2
−
=
16β
(0)
2 β
(0)3
1 α
(0)4
+
3γ
(0)2
−
,
η
(0)
+ =
γ
(0)
+ α
(0)4
+
γ
(0)
−
, (3.36)
where β(0)n and γ
(0)
± are βn and γ±, respectively, with α replaced by α
(0)
+ . On the other
hand, the zeroth order part of eq. (3.15) gives the value g
(0)
+ (Φ
2
+) of g+ with h
2
+ = 0
for a given value of Φ2
−
as
g
(0)
+ =
γ
(0)
−
2β
(0)2
1 α
(0)3
+
. (3.37)
In the order O(h2), eq. (3.12) multiplied by (3.11) gives an expression of α
(1)
+ in
terms of α
(0)
+ as
α
(1)
+
α
(0)
+
=
β
(0)2
1 A
(0)
+
B
(0)
+
, (3.38)
where
A
(0)
+ = 3α
(0)−3
+ + 6α
(0)−2
+ + 9α
(0)−1
+ + 6 + 3α
(0)
+ + 2α
(0)2
+ + α
(0)3
+ ,
B
(0)
+ = 15α
(0)−6
+ + 60α
(0)−5
+ + 150α
(0)−4
+ + 258α
(0)−3
+ + 357α
(0)−2
+ + 430α
(0)−1
+ + 460
+430α
(0)
+ + 357α
(0)2
+ + 258α
(0)3
+ + 150α
(0)4
+ + 60α
(0)5
+ + 15α
(0)6
+ . (3.39)
On the other hand, eq. (3.11) in the order O(h2) gives
η
(1)
+ = −
2β
(0)2
1 α
(0)4
+
γ
(0)
−
= −α
(0)
+
g
(0)
+
. (3.40)
Now, the definition of η
(0,1)
+
η+ = η
(0)
+ + η
(1)
+ h
2 +O(h4) (3.41)
is solved w.r.t. h2 as
h2 =
η+ − η(0)+
η
(1)
+
+O(h4), (3.42)
or equivalently
h2+ = h
2α = g
(0)
+ ·
(
η
(0)
+ − η+
)
+O(h4+). (3.43)
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This proves (3.24). By the definition of g+ and the formula (2.11), this is equivalent
to (3.25).
It is straightforward to extend the analysis in this subsection to to higher oder
in the expansion w.r.t. h2 and to interpret the result as higher-order corrections to
the effective Friedmann equation. In Appendix A.3 the results in the order O(h4) is
summarized and it is shown that higher order corrections can be ignored when the
Hubble expansion rate H± on a brane is sufficiently lower than the bulk curvature
scale L−1.
4 Summary and discussion
We have considered a 6-dimensional model of warped flux compactification and ana-
lyzed gravity sourced by a 3-brane in a simplified setup. This setup includes a warped
geometry, compactification, a flux, and one or two 3-brane(s). We have considered a
situation where the tension of a 3-brane changes by a phase transition on the brane.
Assuming that the tension is almost constant in deep inside the old and new phases,
we have investigated the relation between the change of tension and the change of
the Hubble expansion rate on the brane. The relation is the same as that inferred
by the 4-dimensional Einstein equation, provided that Newton’s constant is given by
the formula (3.6).
We have explicitly seen how the induced geometry changes according to a change
of brane source. With the static ansatz for the bulk, the bulk geometry is uniquely
determined by the brane tensions and the value of the conserved flux. As a conse-
quence, the Hubble expansion rate induced on the brane is determined. Provided
that the solutions considered in this paper are dynamically stable [54], this result
implies that, when a brane tension changes, the bulk geometry should evolve toward
the corresponding unique configuration. This process determines the evolution of the
bulk geometry and, thus, the induced geometry on the brane. In this way, the induced
geometry responses to the brane source.
Although the situation we have considered is rather restrictive, the physical picture
we have obtained seems more general. Provided that all moduli are stabilized, when
a brane source changes slowly compared to the time scale of the moduli dynamics,
the bulk geometry should quickly settle to a configuration which is determined by
the boundary condition, i.e. the brane source(s), values of conserved quantities and
the regularity of the other region of the extra dimensions. As a consequence of the
change of the bulk geometry, the induced geometry on the brane responses to the
evolution of the matter source on the brane.
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Suppose that all moduli are stabilized in a (4 + n)-dimensional warped com-
pactification. From the viewpoint of the effective field theory with massive moduli
integrated out, it is in general expected that the Einstein gravity should be recovered
at low energy 5 and that 4-dimensional Newton’s constant should be given by the
formula (3.3):
1
8piGN
= (M4+n)
2+n
∫
dny
√
γ
[
r(y)
r(y0)
]2
. (4.1)
(See the first paragraph of Sec. 3 for the reasoning leading to this expectation.)
Here, M4+n is the (4 + n)-dimensional Planck mass, r
2(y) is the warp factor of mass
dimension −2 depending on the coordinates of compact extra dimensions yi, γijdyidyj
is the metric of the extra dimensions (see eq. (3.1)) and the brane source is supposed
to be localized at yi = yi0. Although the effective field theory approach is usually a
powerful and useful tool to obtain a correct answer quickly, the result must be checked
by independent methods. We expect that this formula should hold at low energy in a
wide class of warped compactification if all moduli are stabilized and made massive.
The formula (3.3) was already proved to be correct in a Randall-Sundrum type,
codimension 1 braneworlds with radion stabilization [37, 38, 39, 40, 41, 42, 43] 6. The
result of the present paper confirms the same formula for codimension 2 braneworlds
in a simplified situation.
Future subjects include the analysis of dynamical stability [54], the recovery of
the 4-dimensional linearized Einstein equation for inhomogeneous perturbations, evo-
lution of FRW universe on the brane, extensions to systems with a dilaton, and so
on.
The simple 6-dimensional setup in this paper at the very least provides non-trivial
evidence for validity of the expected formula (3.3) for effective Newton’s constant in
warped flux compactification. Thus, let us now briefly discuss application of the
formula (3.3) to cosmology with type IIB warped flux compactification considered in
refs. [1, 14, 15, 16, 17, 18]. The 10-dimensional geometry is of the form
ds210 = h
−1/2(τ)g(4)µν dx
µdxν + h1/2(τ)γmndψ
mdψn, (4.2)
5The stress-energy tensor in the 4-dimensional effective Einstein equation must be calculated from
a 4-dimensional effective action after integrating out all massive moduli. The effective stress-energy
tensor defined in this way is not necessarily the same as the surface stress-energy tensor (the so
called Lanczos tensor [55] in Israel’s junction condition [50] for codimension 1 cases). If moduli are
not stabilized, it is a non-trivial issue whether a 4-dimensional theory is recovered. See eg. [56, 57]
for this issue in the context of Randall-Sundrum type braneworlds.
6See the footnote after (3.3).
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where γmn is the metric of a 6-dimensional compact geometry (Calabi-Yau space)
depending on the coordinates ψm (m = 5, · · · , 10) of extra dimensions, h(τ) is a
function of the radial coordinate τ (∈ {ψm}) of the compact geometry, and g(4)µν is a
4-dimensional metric. It is supposed that the function h(τ) is of order 1 in the bulk
of the compact geometry but that there is a region called a warped throat where h(τ)
becomes exponentially large. In the warped throat region the warp factor h−1/2(τ)
becomes exponentially small.
In most of refs. [14, 15, 16, 17, 18] it was (implicitly) assumed that what drives (or
at least affects) the 4-dimensional cosmology is a brane in the throat region but that
our 4-dimensional world is somewhere in the Calabi-Yau space where the warp factor
h−1/2(τ) is of order unity. In other words, the physical metric of our 4-dimensional
world is g(4)µν up to a normalization constant of order unity, while the induced metric
on the brane is not g(4)µν but
g(b)µν = h
−1/2(τ0) · g(4)µν , (4.3)
where τ0 is the value of the radial coordinate τ at the position of the brane. At first
sight, it might seem non-trivial how the brane at τ = τ0 drives the cosmology of
our 4-dimensional world g(4)µν since the warp factor h
−1/2(τ0) is exponentially small.
The approach adopted in the literature is to write down the brane action in terms of
g(4)µν and couple it to the Einstein gravity in the frame g
(4)
µν , assuming that Newton’s
constant G
(4)
N is given by the Kaluza-Klein like formula
1
8piG
(4)
N
=M810V6, (4.4)
where V6 is the volume of the Calabi-Yau space.
We can justify this approach by using the formula (3.3). First, the induced geom-
etry on the brane is, as already stated, the conformally transformed metric g(b)µν given
in (4.3). Thus, the stress energy tensor T (b)µν in the brane frame g
(b)
µν and the stress
energy tensor T (4)µν in the frame g
(4)
µν are related to each other as
T (b)νµ = h(τ0) · T (4)νµ , (4.5)
where τ0 is again the value of the radial coordinate τ at the position of the brane and
it has been assumed that the value of h(τ) at the position of our 4-dimensional world
is normalized to 1. Now, the formula (3.3) applied to this setup says that we can use
the effective Einstein equation of the form
G(b)νµ = 8piG
(b)
N T
(b)ν
µ , (4.6)
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where G(b)νµ is the Einstein tensor of the brane metric g
(b)
µν and Newton’s constant G
(b)
N
on the brane is given by
1
8piG
(b)
N
=M810
∫
d6ψh3/2(τ)
√
γ ·
(
h(τ)
h(τ0)
)−1/2
. (4.7)
By the assumption that the function h(τ) is of order unity in the bulk of extra
dimensions, this is reduced to
1
8piG
(b)
N
≃ h1/2(τ0)M810V6 ≃
h1/2(τ0)
8piG
(4)
N
, (4.8)
where V6 is again the volume of the Calabi-Yau space. This result implies that the
effective Einstein equation on the brane (4.6) is equivalent to
G(4)νµ = 8piG
(4)
N T
(4)ν
µ , (4.9)
where we have used the conformal transformation
G(b)νµ = h
1/2(τ0)G
(4)ν
µ (4.10)
between Einstein tensors G(b)νµ and G
(4)ν
µ of g
(b)
µν and g
(4)
µν , respectively. Therefore, we
have justified the approach adopted in the literature by using the formula (3.3). The
4-dimensional fields resulting from the brane action indeed couple to the 4-dimensional
metric g(4)µν with Newton’s constant G
(4)
N given by the Kaluza-Klein like formula (4.4).
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Appendices
A.1 The α→ 1 limit
In the limit α ≡ r−/r+ → 1, the coordinate distance between two branes vanishes
and, thus, the bulk geometry appears to collapse. However, as we shall see below, the
proper distance between r = r− and r+ does not vanish and the geometry of extra
dimensions remains regular.
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When α is sufficiently close to 1, the function f(r) between r± is approximated
by
f(r) ≃ a2 − b2(r − r0)2, (A.1)
where r0, a and b are positive constants and the α→ 1 limit corresponds to sending
a → +0 with b finite. The bulk coordinate r is restricted to the interval −a/b ≤
r − r0 ≤ a/b. With the new coordinate system (θ, ϕ) defined by
θ = cos−1
[
b
a
(r − r0)
]
, ϕ = abφ, (A.2)
the metric of the extra dimension becomes that of a round sphere with radius 1/b:
dr2
f(r)
+ f(r)dφ2 ≃ 1
b2
(dθ2 + sin2 θdϕ2). (A.3)
Evidently, the coordinate θ runs over the full interval [0, pi]. On the other hand,
the period of the coordinate ϕ appears to collapse since the coefficient ab in the
definition (A.2) of ϕ vanishes in the α → 1 limit. Actually, this is not the case. The
“surface gravity” κ± defined in (2.13) is κ+ ≃ κ− ≃ ab and the period of the old
coordinate is, thus, ∆φ ≃ (2pi − δ±)/(ab). Therefore, the new coordinate ϕ has the
period
∆ϕ = ab∆φ ≃ 2pi − δ+ ≃ 2pi − δ−, (A.4)
which is indeed finite. Thus, the geometry of extra dimensions is nothing but a round
sphere with a deficit angle δ+ ≃ δ−, i.e. a football-shaped extra-dimensions considered
in [45, 46, 47]. In those papers a Z2 symmetry is assumed so that tensions of two
3-branes are identical. With the Z2 symmetry, η± is always 1 but Φ± = Φ/(2pi − δ±)
changes when the brane tension changes. Accordingly, as can be seen from Figs. 1 and
3, the Hubble expansion rate on the brane changes when the brane tension changes.
The warp factor r becomes constant in the α→ 1 limit and, thus, the 6-dimensional
solution in the α→ 1 limit corresponds to an unwarped flux compactification of the
type considered by Arkani-Hamed, Dimopoulos and Dvali [44].
A.2 The h→ 0 limit
The limit h → 0 appears to be singular, but it is not. Indeed, by the coordinate
change
r → r¯
h
, φ→ hφ¯, ds24 → h2ds¯24, µ→
µ¯
h5
, b→ b¯
h4
, (A.5)
26
the h→ 0 limit of the bulk solution becomes a locally regular form:
ds26 = r¯
2ds¯24 +
dr¯2
f¯(r¯)
+ f¯(r¯)dφ¯2,
AMdx
M =
b¯
3r¯3
dφ¯, (A.6)
where
f¯(r¯) = −Λ6
10
r¯2 − µ¯
r¯3
− b¯
2
12r¯6
, (A.7)
and ds¯24 is the metric of the 4-dimensional Minkowski spacetime. This configuration
of course satisfies the 6-dimensional Einstein equation and is related by a double Wick
rotation to a topological black hole with the horizon topology R4.
The new coordinate φ¯ is identified as
κ¯±φ¯ ∼ κ¯±φ¯+ (2pi − δ±), (A.8)
where
κ¯± ≡ ∓1
2
f¯ ′(r¯±). (A.9)
This means that the period of φ¯ is finite if the brane tensions are finite. Therefore,
the geometry remains regular in the h→ 0 limit.
A.3 Higher-order correction
It is straightforward to extend the analysis in subsection 3.4 to higher order in the
expansion w.r.t. h2 and to interpret the result as higher-order corrections to the
effective Friedmann equation. In this appendix we just summarize the result up to
the order O(h4).
The result up to the order O(h4) is summarized as
[
1− h
2
±
h2∗±
+O(h4
±
)
]
h2
±
= g
(0)
± ·
(
η
(0)
± − η±
)
, (A.10)
where
h2
∗±
=
B
(0)
±
β21A
(0)
±
α
(0)±1
± . (A.11)
This is equivalent to
[
1− H
2
±
H2∗±
+O
(
(H2
±
/Λ6)
2
)]
H2
±
=
8piGN±
3
(σ± − σ(0)± ), (A.12)
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where H2
∗±
= h2
∗±
/L2, and includes a higher order correction to the effective Fried-
mann equation suppressed by H∗±. It is easy to show that
5 < L2H2
∗+ ≤
(
10
3
)2
,
(
10
3
)2
≤ L2H2
∗−
<∞. (A.13)
This means that higher order corrections can be ignored when the Hubble expansion
rate H± on a brane is sufficiently lower than the bulk curvature scale L
−1.
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